We study the Iwasawa µ-and λ-invariants of the plus/minus Selmer groups of elliptic curves with the same residual representation using the ideas of [8] . As a result we find a family of elliptic curves whose plus/minus Selmer groups have arbitrarily large λ-invariants.
Introduction
Let E be an elliptic curve over Q and fix an odd prime p such that E has good reduction at p. Let Q ∞ be the cyclotomic Z p -extension of Q. In [4] , Greenberg and Vatsal found a way to produce an elliptic curve with ordinary reduction at p such that its Selmer group Sel p (E/Q ∞ ) over Q ∞ has an arbitrarily large Iwasawa λ-invariant.
In this paper we want to study elliptic curves with supersingular reduction at p. First, we should note that in this situation Sel p (E/Q ∞ ) is not an ideal object. To begin with it is not Λ-cotorsion where Λ is the Iwasawa algebra Z p [[Gal(Q ∞ /Q)]], thus we cannot talk about the Iwasawa invariants of this group.
Instead, it seems a lot more reasonable to study the plus/minus Selmer groups Sel ± p (E/Q ∞ ). In this paper, following aforementioned [4] we prove the following: Let E 1 , E 2 /Q be elliptic curves with supersingular reduction at p and
. We assume either p > 3 or a p (E i ) = 1 + p −Ẽ i (F p ) = 0 for i = 1, 2.
Let Σ 0 be a finite set of places including all bad reduction primes of E 1 and E 2 , infinite places, but not including p. We will define the non-primitive
which is the ±-Selmer group with relaxed local conditions at the primes above Σ 0 . We show 1. The Iwasawa µ-invariant µ ± (E 1 ) of Sel
To obtain this, first we should show the isomorphism
which is not immediately clear because the ±-local conditions cannot be defined using E[p ∞ ] unlike the ordinary local condition. We solve this by showing the isomorphism
corresponds to the isomorphism of formal groupsÊ 1 →Ê 2 modulo p twisted by some unit of F p . Then we need to make a connection between the λ-invariant of Sel
Definition 2.2 (Selmer group).
Sel p (E/Q) := ker 
We let
In [8] , using the local duality of the ±-local condition proven in [6] we proved the following. 
is surjective. Now, let Σ 0 be any subset of Σ not including p and ∞. We define the non-primitive plus/minus Selmer group. Definition 2.5.
From proposition 2.4 we obtain the following.
Corollary 2.6.
Here we refer to Greenberg and Vatsal's computation of the Z p -corank of
Proposition 2.7 ([4] proposition 2.4). Let T p be the p-adic Tate module of E and
where (V p ) I l is the maximal quotient of V p on which I l acts trivially.
Let l( = p) be a good reduction prime such that F rob l acts trivially on the residual representation
) is 2s l . Now, we will define a "plus/minus non-primitive Selmer" group on E[p]. For l = p we let
We also let
Definition 2.8.
Let E /Q be an elliptic curve with
as G Q -modules. Assume Σ 0 contains all the bad reduction primes of E and E . We will show S
Thus we need to show the isomorphism ρ :
. LetÊ andÊ be the formal groups over Z associated to E and E . As mentioned in [9] 
is not commutative with B. Thus C is bigger than B, and C is in the normalizer of B. Since a non-split Cartan group has index 2 in its normalizer ( [10] Chap.XVIII sec.12, p. 713, proposition 12.1), C is the normalizer of B and C is not commutative with B.
It is easy to see that an element of GL 2 (F p ) commutes with C if and only if it is given by the multiplication by a scalar of F × p . Thus our claim follows.
Thus λ −1 • ρ = µ for some scalar multiplication µ ∈ F × . Hence ρ :
We have the following.
From now on, assume Σ 0 includes all the bad reduction primes of E and E .
Proposition 2.11. We have
Proof. We consider the following diagram.
The short exact sequence 0
Similarly it follows that
is an isomorphism. For l ∈ Σ−Σ 0 with l = p, since l is a good reduction prime, 
Since
propositions 8.23 and 24), by Nakayama lemma we obtain that [8] proposition 16 and 18 it follows that
has no proper Λ-submodule of finite index. Thus our claim follows from the following lemma of Greenberg. Remark 2.14. If we apply the technique of [8] directly, we do not need the assumption Σ = Σ 0 ∪{p, ∞}. Of course, the proof is simpler with this assumption, and we do not need a general statement for this paper.
∨ is 0 if and only if that of
Assuming the µ-invariant is 0 and Σ = Σ 0 ∪ {p, ∞}, the
Proof. We make the following observation: Let M be a finitely generated Λ module which is a free Z p -module. Then the λ-invariant of M is equal to the Z p -rank of M , which is also equal to the length of M/pM . The first claim follows from propositions 2.10 and 2.11. The second claim follows from propositions 2.10, 2.11, and 2.12 combined with our observation.
Finally we will discuss how to find an elliptic curve E /Q with a large λ-invariant for its plus/minus Selmer group. Lemma 2.16. Assume E and E are elliptic curves defined over Q with
. Let l be a prime not equal to p.
If E and E both have good reduction at
2. If E has good reduction at l and E has bad reduction at l,
3. If E has good reduction at l and F rob l acts trivially on E[p] and E has bad reduction at l, 
There is a short exact sequence 0 →T →T →T → 0 for some F p -moduleT . Then
Thus we can see the multiplicity of X =l −1 as a root of det(
(when we consider it as a polynomial of F p [X]) is greater than or equal to the multiplicity of X =l
. Combined with corollary 2.6 it implies
Case 3) As discussed after proposition 2.7,
We will fix an elliptic curve E/Q such that the µ-invariant of Sel
is 0 with a given family of elliptic curves E t /Q parametrized by t ∈ Q such that
. Note that from corollary 2.6 we have
Choose t such that E t has bad reduction at many primes whose Frobenius maps act trivially on E[p]. Then by corollary 2.15 and lemma 2.16 the λ-invariant of Sel ± p (E t /Q ∞ ) will be large. Let E : Y 2 = X 3 −X and fix p = 3. The method should work quite generally, but this elliptic curve and p = 3 are particularly easy to deal with. where l runs over all primes and c (p) l is the biggest p-power divisor of the Tamagawa number c l . Since the only bad reduction prime is 2 for which c l = 4, we obtain that its cokernel is trivial. The rest follows from Nakayama lemma.
